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MATHEMATICAL MODELS OF THE SOLAR WIND  

 

 

 

Abstract 
The solar wind is a high-speed particle stream of ionised solar plasma continuously 
blowing out from the solar corona into interplanetary space at a typical speed of 
400km/s near the Earth. It is a result of the large pressure difference that exists 
between the solar corona and interstellar space.  The pressure difference drives the 
plasma outward far beyond the orbit of the Earth, into interstellar space, hitting the 
weakly ionised interstellar medium.  The supersonic flow of the solar wind comes 
about from the conversion of thermal energy in the corona at low velocities to kinetic 
energy of radial outflow at high velocities.  Correctly predicting the conditions of the 
solar wind requires a mathematical model.  Parker considered this and produced the 
standard hydrodynamic solar wind model and a description for the solar wind outflow 
speed as a function of radial distance.  Other, more sophisticated numerical 
calculations of the solar wind have also been performed to include the effects of 
magnetic fields, thermal conductivity and the presence of ionised helium. This report 
examines some of these mathematical models of the solar wind.  These models 
generally take on the forms of a hydrodynamic approach based on the Euler or 
Navier-Stokes approximations or the kinetic approach, which is based on the Vlasov 
equation.  There are also variations on these such as the hydrostatic, hydromagnetic 
and semi-kinetic models.  Firstly, an introduction to the solar wind properties and 
related phenomena is given. These various models are then discussed. The use of the 
Fokker-Planck equation with a collision operator is also presented.  Comparisons are 
made on the advantages of each model and its most effective region of application.  
Finally a review is given on the solar wind phenomena that are still not understood 
and how future advances in the mathematical models can lead to better understanding 
of solar wind physics.  It is found that the hydrodynamic and kinetic models are 
complementary when applied in their respective regions of application.  
Hydrodynamic models are best applied close to the Sun, which is a collision 
dominated region.  Kinetic models are best suited for larger radial distances where the 
solar wind becomes collisionless. 
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Nomenclature 

 

B             magnetic field vector 

c               speed of light 

cs              speed of sound 

E             electric field vector 

Ek             mean kinetic energy 

H              density scale height 

kB               Boltzmann constant 

ko             conduction coefficient 

κ               kappa index 

m              mass of particle 

Ms             solar mass 

n               number density 

ne               electron number density 

ni              ion number density 

N              number of molecules 

P              pressure 

q              charge 

R              Rankine constant 

Rs             solar radius 

r               radial distance 

rL             Larmor radius 

T              temperature 

Te             electron temperature 

 

 

 

 

 

 

 

Ti                    ion temperature 

V              volume 

v               velocity 

Av             Alfven velocity 

⊥v           perpendicular velocity 

v                 parallel velocity 

Dv             drift velocity 

2v         root mean square velocity 

2v            mean square velocity 

j             current 

α              pitch angle 

β              plasma beta 

ρ              density 

ωpe           electron plasma frequency 

Λ      plasma parameter 

λD             Debye length 

DΦ              Debye potential 

EΦ              electric potential 

εo              dielectric constant of free   

                  space 

γ ratio of specific heats 

µ   magnetic moment 

µ o            vacuum susceptibility 

λD            Debye length 

σ               conductivity 

η               resistivity 

Ω               angular velocity



Mathematical Models of the Solar Wind 
K.F.Long 

 5 

Physical Constants 
 
Proton rest mass                    mp                          1.6726*10-27 kg 
 
Electron rest mass                  me                          9.1095*10-31 kg  
 
Boltzmann constant               kB                           1.3806*10-23 JK-1 
 
Gravitational constant            G                            6.672*10-11 Nm2kg-2 
     
Radius of Earth                      RE                           6.37*103km 
 
Radius of Sun                        Rs                             6.96*105km 
 
Mass of Sun                           Ms                           1.99*1030kg 
 
Astronomical unit                 AU                            1.496*108km 
 
Permittivity of free space      εo                              8.85*10-12Fm-1 
 
Permeability of free space     µo                                           4π*10-7

 henry m-1 
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1.  Introduction to the solar wind  
This report is an introductory thesis on the two main models that are applied in 

understanding the solar wind.  There are many introductory texts, which discuss the 

intricacies of the solar wind and other physics of solar phenomena.  A definitive book 

is by Parks23. This book gives a good coverage of space plasmas generally and 

discusses the Chapman and Parker solar wind models. However, there is no treatment 

of the kinetic models.  Treumann et al9 gives a comprehensive description of space 

plasma physics and discusses kinetic theory in depth.  The treatment of the solar wind 

is however minimal here. Russell et al20 has a comprehensive discussion of both 

kinetic theory and hydrodynamics. Its discussion of the solar wind is also thorough.  

Golub21 gives a good and easy reading of the solar corona introducing an 

observational aspect to the physics.  Brandt18 is an excellent book on the solar wind 

with wide coverage of solar wind hydrodynamic models.  However it was written 

some thirty years ago and the reader should be aware that parts of the material could 

be out of date.    A good examination of what drives the solar wind is given in the 

paper by Pneuman17. 

 

The objective of this thesis is to address the main features of each model and 

demonstrate the effectiveness of their use and region of best application.  A critical 

analysis is performed on the performance of each model and a comparison of their 

success is made.  There have been many papers published comparing the kinetic and 

hydrodynamic models. Velli24 gives an introduction to the hydrodynamics of the solar 

wind expansion.  A brief paper by Lemaire6 re-examines the two theoretical 

approaches.  Some of the papers on the kinetic models that are of extensive coverage 

include mainly those by Lemaire et al3,4,12.  Other papers are referred to throughout 

this thesis.  A recommended text by this author is the book by Cravens22 looking 

generally at the physics of solar system plasmas but given a particular and detailed 

explanation of hydrodynamics, kinetic theory and solar wind phenomena. 

 

The Soviet Lunik 111 and Venus 1 spacecraft made the first in situ measurements of 

the solar wind in 1959, followed in 1961 by the American Explorer 10 mission.  The 

measured data from these spacecraft were consistent with each other and hinted at a 

dynamic solar wind.  The Mariner 10 mission on board the Venus probe also took 
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measurements in 1962 that clearly demonstrated the existence of a dynamic solar 

wind with properties in very good agreement with the model proposed by Parker in 

1958.  Since the first missions to the solar wind, more advanced spacecraft carrying 

modern instruments have gathered data on the characteristics and structure of the solar 

wind.  Some of these include Ulysses, Yohkoh, SOHO and Helios, which took in situ 

measurements of the solar wind at 0.3AU. 

 

The Sun is about 5 billion years old and has a mass of 2*1030kg.  The temperature and 

pressure at the core are sufficient to cause the generation of a total solar luminosity of 

4*1026W mainly by the pp1 chain (≈85%) of nuclear reactions  

υ++→+ eHpH 21  

γ+→+ HepH 32  

pHeHeHe 2433 +→+  

The energy of these reactions is transferred throughout the interior by radiation.  

Above a certain radius the temperature has fallen sufficiently low enough for some 

nuclei to recapture outer orbital electrons, which can easily absorb photons.   The 

resulting loss in efficiency of the radiation process means that from here on 

convection becomes dominant and is the primary energy transfer process. The Sun 

rotates with an angular velocity of around 2.8*10-6 rad/s and has a rotation period of 

around 27 days.  The rate of rotation of its outer layers is a function of latitude, being 

faster at the equator than at the poles.  This differential rotation of the solar plasma 

leads to solar activity such as the reversal of the global magnetic field approximately 

every 11 years.  

 

The outer most region of the Sun’s atmosphere is called the corona and it extends 

from the top of the chromosphere out to a distance of several million kilometres 

where it gradually becomes the solar wind, a continuous outflow of over 109kg of 

matter per second. The corona is hot (≈106K) by comparison with the photosphere and 

chromosphere (≈ 103K).  While the mechanism by which the corona is heated is the 

subject of decades of inconclusive research, we shall see that the temperature of the 

corona plays a key role in solar wind acceleration.  Suffice it to say, thermal 

acceleration is accomplished by the difference between the relatively high pressure 

near the surface of a star and the negligible pressure of the interstellar medium. 
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The main source of the solar wind comes from coronal holes.   In coronal holes bright 

spots of x-ray emission appear and disappear in a matter of hours.  Weaker x-ray 

emission coming from coronal holes is characteristic of the lower densities and 

temperatures that exist in those regions.  The existence of coronal holes is linked to 

the Sun’s magnetic field and the generation of the solar wind, a continuous stream of 

ions and electrons escaping from the Sun into interplanetary space.  Closed field lines 

form loops that go back into the Sun but in coronal holes the field lines can become 

open and extend out to large radial distances.  By the Lorentz force  

                                                             )( BvqFL ×=                                                 (1.) 

charged particles are forced to spiral around magnetic field lines, so when the field 

lines are open the particles can flow away from the Sun.  Hence the origin of the solar 

wind is particles escaping from coronal holes where the magnetic field configuration 

is diverging and open.     

 

The solar wind is accelerated out from the solar corona into interplanetary space, 

extending far beyond the orbit of the Earth and terminating somewhere in interstellar 

space after having hit the weakly ionised interstellar medium around 100AU.  The 

solar wind is accelerated by pressure due to the high coronal temperature.  A typical 

model of the high-speed solar wind acceleration in coronal holes is given by Axford et 

al35. 

 

As well as the mathematical models explored in this report to explain the existence 

and structure of a dynamic solar wind, other evidence also exists: 

• Observations of Comet tails that always seem to point away from the Sun hint 

that solar radiation alone cannot be responsible for this phenomenon.  

• Collisions of ions with atoms in the Earth’s upper atmosphere resulting in the 

auroras in the north and south magnetic poles. As the ions from the Sun 

interact with Earth’s magnetic field they become trapped in it.  Bouncing back 

and forth between the north magnetic pole and south magnetic pole. These 

ions form the Van Allen radiation belts.  Ions that are sufficiently energetic 

will collide with the atoms in Earth’s upper atmosphere causing the 

atmospheric atoms to become excited or ionised.  The resulting deexcitations 
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or recombinations emit the photons that produce the light displays observed 

from high northern and southern latitudes. 

• Studies of solar cosmic rays produced in flare events correlate with studies of 

the magnetized field preventing ambient cosmic rays from reaching the Earth. 

• Measurements of interplanetary space by satellites and space vehicles.  The 

measurements determined for solar wind temperatures, velocities, densities 

and other properties are consistent with dynamic solar wind models. 

 

The solar wind exhibits large variations on a time scale of several days, comparable to 

the basic time scale of the overall expansion.  There are two types of solar wind flow, 

quasi-stationary (source lifetime < 24hours) and transient.  There are at least two 

sources of quasi-stationary solar wind. Fast flows from coronal holes and slow inter-

stream flows some of which originate in or near visible structures called coronal 

streamers.  Transient flows of the solar wind are produced by solar eruptions referred 

to as coronal mass ejections. 

 

Fast speed streams originate from coronal holes at high heliospheric latitudes where 

electron coronal temperature is lower than in equatorial source region of solar wind. 

Therefore slow and fast solar wind seems to be two different flow regimes driven by 

different physical mechanisms.   The slow solar wind also tends to be unsteady and 

filamentary in nature, exhibiting large variations in density and composition, whilst 

being generally collision dominated. 

 

In the north and south poles of the Sun (high latitude) there are apparently permanent 

coronal holes.  The flow from these holes moves outward at twice the speed of the 

solar wind that flows from the Sun’s equator.  It is not understood why this is so.  

There is some evidence29 that the velocity of the solar wind from the coronal holes is 

roughly proportional to the area of the holes, and the holes located near the Sun’s 

equator have more chance of affecting the Earth than the holes at the solar poles.   

 

Bruno31 et al looked at some selected solar wind parameters at 1AU through two solar 

activity cycles, performing a separate analysis for fast and slow solar wind.  Some of 

the conclusions from this study were that  (a) the fast wind carries a slightly large 
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momentum flux at 1AU probably due to dynamic stream-stream interaction (b) the 

proton number density in slow wind is more cycle dependant than in fast wind and 

decreases remarkably across the solar maximum (c) the fast wind generally carries a 

magnetic field intensity stronger than that carried by the slow wind. 

 

The temperature of the solar wind plasma is always high (≈105-106K) and the thermal 

velocity is much less than the bulk plasma velocity.  This results in supersonic plasma 

and the formation of shocks or discontinuities upon interaction with bodies such as 

planets and comets.  Figure 1 shows a diagram of the local Earth-solar wind 

interaction and the various plasma phenomena that result.   

 

 
 

FIGURE 1.   

 Near Earth space plasma phenomena and solar wind structure 

 

The solar wind interacts with the Earths magnetic field and produces a variety of 

phenomena such as the aurora.  A standing shock front is created because the 

terrestrial field is an obstacle in a supersonic flow.  A transition to subsonic flow is 

required for the solar wind to flow smoothly around the Earth. Outside of the shock 

the solar wind is undisturbed.  Between the shock region and the magnetopause is a 

region called the magnetosheath that contains shocked solar plasma.  The solar wind 

plasma and magnetic field do not penetrate into the magnetosphere.  The bow shock is 
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located approximately ⊕− R1413 .  The magnetopause thickness is around 100km.   

The effect of the flow in the magnetosheath and the interaction with the solar wind 

sweeps the polar field lines into a magnetic tail several hundred Earth radii long.  The 

magnetic field of the Earth provides humans with protection from charged particles 

via the Bv ×  force steering them away from the most populated areas of the globe.  

The structure of the magnetic field is such that high-energy particles can be trapped in 

the radiation belts circling around the planet. 

 

The solar wind typically contains 95% protons, 4% alpha particles (fully ionized 

helium) and 1% minor ions, the most abundant of which are C, N, O, Ne, Mg, Si, Fe.  

However, the solar wind also sweeps up material from the regions of interplanetary 

space as it passes.  So the solar wind also contains abundances from entrained sources 

such as from comets, asteroids, planetary atmospheres and satellites.  An examination 

of the solar wind composition is given by Ogilvie et al25.  Observations by Helios, 

WIND and Ulysses spacecraft indicate that helium is generally the faster major ion 

species in the solar wind40. 

 

When an electron moves apart from a positive ion it leaves behind an electron 

depleted region setting up a potential.  We can define a characteristic measure known 

as the Debye length, which is the average distance that the electron can depart from 

the equilibrium position.  We can make an estimate of the Debye length in the solar 

wind by taking typical solar property values.  
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This is the typical Debye length of the solar wind but it can range from approximately 

1-100 meters depending on the electron number density and the electron temperature.  

The Debye lengths are sufficiently large at 1AU so as allow spacecraft to make 

measurements without disturbing the environment. 

 

The potential that the electron sets up decreases very rapidly for r > λD, where r is the 

distance from the charge, and leaves the bulk of the plasma free of large electric 

potentials.  Therefore in regions outside the Debye length the plasma is not affected 

and the solar wind is essentially charge neutral over most scales of interest.  
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The mean particle flux (nv) from the sun is around 2*1012m-2s-1.  The speed of sound 

of the solar wind, for a monotomic gas with  γ = 5/3 is found from 

                154
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Considering that the average solar wind speed is around 400km/s at the Earth then the 

ratio of solar wind speed to the sound speed at lowest estimate is 

40
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Therefore the typical velocity of the solar wind can be of order 40 times that of the 

speed of sound, hence the solar wind is very supersonic.  It is subsonic at the base of 

the corona though, but rapidly accelerated.  At the outer boundary of the heliosphere 

the solar wind becomes subsonic again. Figure 2 shows a schematic of the scales 

involved in a model of the solar wind.  

 

 
 

FIGURE 2. 

Solar wind meets the interstellar medium18 

 

 The interstellar medium presents an obstacle to the supersonic solar wind and a shock 

transition probably occurs between the solar wind and the interstellar medium.  This 

obstacle is provided by the interstellar magnetic field.  The distance to the shock 
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transition rsh at this point the velocity decreases and the temperature increases to a 

value comparable with the energy of the directed solar wind motion. The distance to 

the pushed back interstellar magnetic field is rm. 

 

The critical radius at which the solar wind becomes supersonic can be found from  

             s
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c Rm
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The Earth is located at 1AU (1.5*1011m or 214Rs). Typical slow solar wind properties 

at the Earth are:  

 

Solar wind property Typical value 

Proton number density 6.6cm-3 

Electron number density 7.1cm-3 

Radial velocity 400-500km/s 

Magnetic field strength 7Nt 

Proton temperature 1.2*105K 

Electron temperature 1.4*105K 

Anisotropic proton temperature T p// / T p⊥  ~1.2-3.4 

Anisotropic electron temperature T e// / T e⊥  ~1.2 

Gas pressure 30pPa 

Magnetic pressure 19pPa 

Sound speed 60kms-1 

Alfven speed 40kms-1 

Proton gyroradius 80km 

Proton-proton collision time 4*106s 

Electron-electron collision time 3*105s 

Corona to AU wind flow time ~4days 

 

TABLE 1. 

Typical solar wind properties at 1AU 3,12,20 
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Approximately the electron temperatures average three to four times the proton 

temperature in the solar wind. 

 

It is assumed that in an inertial frame the solar wind expands radially with a constant 

velocity beyond some distance and that the magnetic lines of force carried in the gas 

remain connected to the Sun for a minimum of a few days. 

 

The interplanetary magnetic field is the field at the solar surface that is carried out 

into space by the solar wind. But the magnetic field line that passes through it is tied 

to the original coronal position, which is rotating.  The result is to produce a spiral 

pattern predicted by the Parker spiral model.  Therefore the IMF has spiral structure 

and it winds tighter, the further out it is from the Sun.  At 1AU this spiral makes an 

angle of around 43 degrees to the Earth-Sun line.  Assuming a velocity of around 

450km/s this can be calculated from  

       o43)93.0(tan93.0
10450

)105.1)(108.2(tan 1
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Where Ω is the angular velocity.  In 1988 the Ulysses spacecraft observed the 

properties of the high latitude heliosphere.  The spacecraft instruments found 

(Neugebauer32) that the most probable direction of the interplanetary magnetic field 

was close to the Archimedes (Parker) spiral predicted on the basis of radial fields 

close to the Sun combined with the effects of stellar rotation.  The fluctuations about 

the average direction were so large however, that there was little latitudinal variation 

of the average of BBR / , where RB  is the radial component of the field with 

magnitude B .  Latitudinal transport of field lines and non-radial field directions near 

the Sun seem to be necessary additions to the simple Parker model. 

 

 If one considers the azimuthal speed of the Earth of around 30km/s the solar wind 

hits the Earth magnetosphere with an aberration9 of about 5 degrees from the radial 

direction and decreases the higher the solar wind speed.  So in very high speeds the 

solar wind is practically radial.  The direction of the particle velocity vectors is radial 

in the inertial frame and spiral in the frame rotating with the sun. 
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Generally in solar wind models the IMF is assumed to be radial or at least to have 

negligible influence on the flow.  This is equivalent to saying that that the flow energy 

is more than the field energy 

                                     
oµ

ρ
22

22 Bv >>      or      22
Avv >>                                              (6.) 

If we define the Alfven radius as when v = vA (50Rs or 0.25AU) where vA is the 

Alfven speed, then inside the Alfven raidus the field is strong enough to control the 

flow and cause the solar wind to coratote with the Sun.  Outside of this radius the field 

wraps up passively according to the parker spiral given by equation ( 5.) 

 

Note that kinks or flare-induced changes in the field cannot co-rotate with the Sun.  

This can have consequences for electric fields and other problems associated with co-

rotation of the magnetic field. 

 

The solar wind magnetic field is frozen into the plasma as the electrical conductivity 

of the plasma is so high that currents continue to flow un-weakened for very long time 

periods.  The kinetic distributions of charged particles in the magnetic fields are 

generally anisotropic.  The conservation of particles magnetic moments together with 

a decreasing magnetic field strength leads to this anisotropic kinetic distribution with 

the temperature parallel to the magnetic field direction (or opposite) is higher than the 

temperature perpendicular, which is across the field. Typically T  ≈ 2-5T⊥  is 

observed5 at 1AU depending on the species. 

 

Solar wind models started with hydrodynamic models of increasing complexity, then 

onto exospheric kinetic models, which completed the description in a collisionless 

region.   Advances then lead to solutions of the Fokker-Planck equation to study the 

solar wind in any regime that is collisional. 

 

In this report we shall firstly address the question of why there is a need for a dynamic 

solar wind.   Exploring the feasibility of a static model, and comparing its predictions 

with observations shall demonstrate this.  An examination of the hydrodynamic 

models will then begin followed by a more extensive review of the kinetic models and 

the use of the Fokker-Planck equation.  A discussion of the various models will then 
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be given comparing their achievements, progress and effectiveness. The report will 

then briefly examine what is as yet unknown in solar wind physics and suggest future 

directions for the model efforts could be made to further our understanding of solar 

wind physics. 
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2 Hydrostatic models of the solar wind 
The first attempt to explain the solar atmosphere was made by Chapman27 in 1957.  

Chapman assumed that there were no external heat sources and that the heat is 

transferred by thermal conduction with a classical conduction coefficient 
2/5Tkk o=  

This meant that the coronal gas has a very high thermal conductivity with the result 

that the high temperature of the corona is not confined near the solar surface but 

extended far out into interplanetary space. 

 

In the model the atmosphere was assumed to extend to large distances where the 

temperature becomes zero and the pressure becomes finite.  The pressure at z → ∞ 

was predicted by Chapman to be finite and found from   

                                      









 −−=

RrTk
GMmpp

oB

11
2

expo                                             (7.) 

where Ts is the temperature at some reference altitude in the solar corona.  If we now 

define that the radius of a body is R, and the distance from the centre of the body to 

the upper limit of an atmosphere as r.  Then we define Zo = r - R.  If we had a shallow 

atmosphere like there is on the earth then r - R would be very small such that 

RRr <<− .  But for an object like the Sun the atmosphere is not shallow and so r – 

R>>R would be very large, as for a large atmosphere.  So for a large atmosphere we 

would have  















−→

osB ZTk
GMmpp 1
2

expo  

If we input typical solar values into this result we find that the term in the exponent is 

only a small fraction below the solar pressure.  Ts= 106K, Zo = 109m, G = 7*10-

11Nm2kg-2, M = 2*1030kg, mp = 2*10-27kg (proton mass), kB = 1.4*10-23 J/K.  We look 

at the term in the brackets, which is just the ratio of gravitational energy to thermal 

binding energy. 

10
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where Zo is the height of the atmosphere.  This gives us a pressure ratio for the 

Chapman model as  
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510 10*5.4 −− ==
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Such a pressure would be much higher than the pressures actually measured in 

interstellar space, which is typically 

1010−≈






measuredop
p  

So the measured pressure ratio is much less than that of the Chapman model by a 

factor of 10-5.  Therefore the predicted temperature is too high.   

 

Giving the inconsistency that exists between this hydrostatic result and the observed 

conditions of interstellar space, at least one assumption made in the derivation must 

be incorrect.  This incorrect assumption is that the corona is in hydrostatic 

equilibrium.  It was for this reason that the hydrostatic model did not survive and a 

solution sought that gave a radial outflow velocity. 

 

A valid prediction of Chapman’s hydrostatic model however, was that the temperature 

at a radial distance from a reference level ro in the solar corona was given by the 

relation 

                                                          
7/2
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                                                    (8.) 

If we calculate the temperature at the distance of the Earth assuming a reference level 

of ro = 109m and taking a typical corona temperature of 2*106K. 
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This is the measured temperature of the solar wind at the Earth and explains why at 

first there was acceptance of the Chapman hydrostatic model. 
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3 Fluid models of the solar wind 
 
3.1 Hydrodynamic models of the solar wind 
Hydrodynamic models describe the solar wind as a fluid.  Although the solar wind is 

only weakly collisional, it is generally believed that the wave-particle interactions 

replace the binary collisions and restore the fluid character of the flow by regulating 

the energy transport and dissipation.  The fluid properties are described by the 

quantities of mass density, flow velocity and pressure and they are all functions of 

space and time.  For electron-proton plasma we can define a mass density 

                                                     )( ei mmnnm +==ρ                                            (9.) 

The principle equations for the hydrodynamic analysis is the conservation of mass and 

conservation of momentum respectively.  

                                                       0. =∇+
∂
∂ v

t
ρρ                                                   (10.) 

                                                   gFPvv
t

ρρ +−∇=



 ∇+
∂
∂ .                                  (11.) 

We can also assume an equation of state  

                                                       ( ) 0. =



 ∇+
∂
∂ −γρPv
t

                                        (12.) 

Parker26 realized that without heating, solutions of the steady flow equations with γ = 

5/3 for hydrogen, do not give rise to flows exhibiting a subsonic-supersonic transition.  

To overcome this problem, γ is chosen such that the corona is not gravitationally 

bound and has sufficient enthalpy to yield the required asymptotic flow speed at large 

radial distances.  Hence Parker favoured an isothermal flow in the hydrodynamic 

model of the solar wind with a constant temperature (γ = 1) so as to approximate the 

conditions appropriate to the high thermal conductivity of the solar corona.  It should 

be noted however that isothermal flows are not physical and evade the issue of the 

required heating close to the Sun. 

 

In order to understand the solar wind expansion it is useful to consider a similar 

situation of the gas flow thorough a DeLaval nozzle that is used in rocket engines.  

From this it is clear how the flow goes from a subsonic speed to a supersonic one. We 

consider a tube starting with a decreasing cross section as shown in figure 3. 
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FIGURE 3. 

DeLaval nozzle 

 

From the use of the continuity equation, Bernoulli’s law and the equation for the 

speed of sound the following result is obtained 

                                        
v
dv

c
v

v
dvd

A
dA

s






−=−−= 12

2

ρ
ρ                                         (13.) 

where ρ is the gas density.  As the cross sectional area decreases dA < 0 the velocity 

of the gas increases dv > 0 assuming the velocity is below the sound speed (v < cs). 

Once the velocity reaches the sound speed so that v = cs then dA = 0.  If the velocity 

is to get any larger such that it exceeds the sound speed v > cs then the cross section  

dA > 0.  This is the divergent part of the tube and forms what is called the deLaval 

nozzle.  If the gas does not reach the sound speed then its velocity will decrease 

during the divergent part.  The pressure ratio between the two ends of the tube will 

determine weather the gas will go supersonic or not.   Although in the solar 

atmosphere there is no tube with a decreasing cross sectional area, there is a 

decreasing particle density as distance increases away from the sun according to 

=2rvn constant 

Parker26 in 1958 determined the first dynamic theory of the solar wind, which showed 

how it could be accelerated to supersonic speed like the DeLaval nozzle by 
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Many textbooks20,21 show the complete derivation of the result of Parker’s work. He 

derived an equation for the solar wind outflow velocity as a function of radial distance 

predicting that the particle number density n → 0 as r → ∞, and that p  → 0 as r → ∞.          

This is contrary to the finite pressure in the Chapman model.   

 

If R is the radius beyond which there are no sources of coronal heat and d is the 

exponent of the temperature in the equation for the heat conductivity.  The limiting 

pressure far from the sun is then given by 
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Taking R at rc and for ionised hydrogen d = 5/2 = 2.5 and using the same solar values 

as we used in the hydrostatic calculation 
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This agrees with the measured solar values (page 19). 

 

Assuming an isothermal (γ =1) result for constant temperature the governing equation 

of the solar wind for radial outflow derived from the Parker model is 

                                     2
2 412

r
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 −                                      (16.) 

Substituting the equation’s for the sound speed and the critical radius we get 

∫ ∫ 
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Integrating this equation we get  
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This solution to the solar wind equation is just one of the physical solutions to 

equation ( 16.), which are shown in figure 4.   
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FIGURE 4. 

Mathematical solutions to the governing solar wind equation. 

 

We define a critical radius rc as the distance where the solar wind speed achieves the 

sound speed vc = cs or the sonic point.   

 

Solution A is the Parker solar wind model.  If the solar wind speed grows away from 

the Sun but is subsonic, the two sides of equation (16.) are negative.  When the 

critical radius rc is reached the left hand side of the equation becomes zero, which 

means that the right hand side also becomes equal to zero.  This can occur by the 

velocity reaching the sound speed at the critical distance.  The velocity continues to 

grow supersonically moving outwards as both sides of the equation are positive.  The 

flow continues to accelerate outwards producing zero pressure at infinity as required.  

Alternatively the velocity may reach a subsonic maximum at the critical distance, and 

decreases outside the critical distance. This is a subsonic solar breeze model and is 

solution B.  There are other solutions possible also which are displayed on the graph 

but they will not be explored here.  Note that the supersonic solutions obtained in this 

model cannot occur if the coronal temperature is too high. A higher coronal 

temperature would displace the critical point below the solar surface. 
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For the Parker solution (A) if scv / is large, then the expansion speed will continue to 

increase outwards as 

                                                               2/1)(ln2 rcv s≈                                            (18.) 

We can take the governing solar wind equation (17.) derived from the Parker model 

and solve it to obtain an estimate of the solar wind velocity at 1AU.   

 

Taking r at 1AU = 1.5*1011m, Ms=2*1030kg, cs = 105m/s, rc = 7*109m 
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This is of the order expected.  Observations at 1AU give the speed of the quiet solar 

wind as between 300 – 400km/s. This falls remarkably well within the Parker 

prediction.   

  

Figure 5 shows numerical calculations of the solar wind velocity as a function of 

radial distance for different corona temperatures using the hydrodynamic model.  The 

calculations were performed using a Mathematical Laboratory programme 

(MATLAB) created by this author that allows the user to input values of coronal 

temperature, radial distance, polytropic index and a solar mass value. From this the 

solar wind proton velocity, sound speed and Mach number are computed. The results 

for such a simulation using an index of 5/3 and a typical solar mass of 2*1030kg are 

shown in the figure. The plot is not a perfect curve as the number of radii used in the 

calculation’s was kept low for simplification.  It is shown on the figure that for a 

higher corona temperature a higher velocity is obtained.  The Earth is located at 1AU 

or 1.5*1011m. 
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FIGURE 5. 

Numerical calculations of the solar wind velocity as a function of solar radius using 

the hydrodynamic model.  Created using MATLAB. 
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3.2 Typical assumptions and caveats of fluid models 
Much research18,20,21 has gone into investigating the assumptions of the fluid models 

by looking at sophisticated multi-fluid models, time dependant models, non-spherical 

models et cetera.,  but overall the results are similar.   

3.2.1  Assumptions 

• Radial symmetry.  All quantities depend only on r. (spherically symmetric) 

• Assume no magnetic field (other than MHD), so we ignore Ohmic heating j.E. 

• Inviscid 

• Non-rotating. 

• One fluid (other than multi-fluid models) 

• Plasma isothermal (γ  = 1 constant temperature), can use polytropes. 

• Treat gas as ideal 

• No relative flow between the different species in the plasma 

• Any heat flux ignored. Except if 2/5Tkk o=  is used. 

• Ohmic heating ignored (j.E) 

• Pressure isotropic 

• Look for steady state solutions such that ∂/∂t= 0. Implies displacement current 

tc
B
∂

∂
2 = 0. 

• Ignore Poissons equation as treating the plasma as a single charge neutral fluid 

• Collision dominated gas.  Mean free path of particles small compared to 

system dimensions. 

3.2.2 Caveats 

• In ion-exosphere region of solar atmosphere the mean free path is larger 

than the scale height and therefore the fluid approximation is difficult to 

justify for large radial distances. 

• To predict properties of high speed solar wind models require large 

coronal temperatures and additional heating of corona outer region. 

• The hydrodynamic model cannot account for the actual distribution of 

temperature anisotropies for solar wind protons and electrons. 

• The hydrodynamic models cannot describe in a satisfactory manner the 

collisionless region. 
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3.3   Alternative fluid models of the solar wind 
 

3.3.1   Magnetohydrodynamic (MHD) models of the solar wind 
The treatment here is identical to that of the fluid models with the exception that the 

corona is treated as a magnetized fluid.  The MHD models describe the solar wind as 

a plasma that experiences electric and magnetic forces.  In this model the conservation 

of momentum equation is modified to include a magnetic field term 

                                     gFBjPvv
t

+×+−∇=



 ∇+
∂
∂ .ρ                                        (20.) 

We also have Amperes law 

                                                  
t
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c
jB

∂
∂+=×∇ 2

1µ                                                  (21.) 

Fluid models can be either one dimensional in which the magnetic field plays a 

passive role in channelling the plasma flow, or multi-dimensional where the magnetic 

field can respond to the flow. 

 

An MHD model was studied by Ofman45 for both one fluid and two fluid models of 

electon proton solar wind in coronal holes.  The initial electron density and the 

electron and proton temperature are specified at the coronal base along with a spectrm 

of Alfven waves, which are the main source of energy for the solar wind. The waves 

suffer Ohmic dissipation and the Alfven waves also generate acoustic waves that 

steepen and transfer energy by heat.  In the two fluid-model only the electron gas is 

heated by Ohmic dissipation.  When compared with observations from UVCS/SOHO 

the wave fluctuations along the line of sight are found to be in good agreement. 

 

It is possible to give a good description of the high-speed solar wind using 

hydrodynamics, but the energy transport and transfer of energy to the gas can be 

better described using MHD equations.  MHD models are particularly important in 

coronal mass ejections where the magnetic fields play an important role. 
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3.3.2   Multi-fluid models of the solar wind 
The analysis of the hydrodynamic model above was for a one fluid model.  The fluid 

was composed solely of particles all of which can be described satisfactorily at each 

point by one density, one velocity, and one temperature, which together are the lower 

moments.  In reality this is not the real situation in the solar wind, but one of a proton-

electron gas.    Energy exchanges between the protons and electrons result in 

significantly different temperatures far from the Sun.  For plasma composed of two or 

more components the one fluid description must be modified since it is not always 

reasonable to assume that the temperatures of the different components are equal 

when the plasma is of low density. 

 

The electrons and protons in the solar wind must be treated separately because of the 

small energy exchanges between them. Therefore a two-fluid model should at least be 

adopted.  Also the mean free path of the particles is comparable with the macroscopic 

length scale so that the particle distribution of electrons and protons cannot be 

completely isotropic.  The microscopic treatment of a plasma component in which 

collisions are rare is difficult (see sec.4.0) and so treating the two limiting cases is a 

more favourable option.  The first case is treated when the collisions between the 

particles of the plasma component are frequent enough to preserve a Maxwellian 

distribution, and is enabled by a hydrodynamic treatment. The second case where the 

collisions are rare can be enabled by the exospheric theory (see sec. 4.3).  Such an 

analysis was performed by Jockers38 and concluded from the study that in the solar 

wind wave-particle interactions and other disturbances always cause a fluid like 

behaviour of the electrons. 

 

 

The one-fluid models of the solar wind are only valid if the protons and electrons 

interact strongly enough to maintain an equipartition of thermal energy (equal 

temperatures for protons and electrons).  But as the fluid moves away from the Sun 

collisions occur less frequently and this equipartition of thermal energy cannot be 

maintained.   
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In two-fluid models the protons and electrons are thermally decoupled.  The electrons 

are heated by thermal conduction throughout the flow, while the protons are unheated 

except for small contributions from the much lower proton thermal conduction and 

collisional energy exchanges with electrons.  As a consequence the protons cool 

nearly as rapidly as in an adiabatic expansion.   In the two-fluid models the magnetic 

fields and viscosity are neglected.  Another assumption is that the velocity 

distributions are isotropic and Maxwellian. 

 

Generally in two fluid models only the temperatures of the two fluids can be 

significantly different.  Both the densities and the flow velocities must be the same to 

preserve local charge neutrality.   

 

A two fluid was used by Hartle et al34 attempting to model a solar wind driven by heat 

conduction. The model could not however, reproduce the properties of the fast wind 

and showed that the heat conduction from the corona cannot supply more than 

approximately 10% of the required energy flux in the fast solar wind. 

 

Most of the fluid models are based on the five moment fluid model for density, three 

components of velocity and temperature.  The heat flux is a function of these 

quantities and in a collision dominated flow it is determined by the temperature and 

the temperature gradient.  It is likely that the solar wind electrons can be described as 

a collision dominated gas but the protons may become collisionless in the corona. In 

the models with large proton heating the proton heat flux is important. 

  

For the eight-moment model with density, three components of velocity, temperature 

and three components of heat flux, the VDF is taken to be close to a Maxwellian. 

However, this model does not allow for temperature anisotropies.  In the region where 

collisions are not frequent such anisotropies do develop, and so fluid equations based 

on a VDF that is close to a bi-Maxwellian would be more appropriate. Studies42 using 

this model in the solar wind acceleration region have found that the proton heat flux 

deviates from a classical value in coronal holes. 

 

A gyro-tropic fluid model can be derived from a 16 moment fluid model in the limit 

of very large background magnetic field.  It reduces to a 6 moment description of 
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density, flow speed, parallel and perpendicular temperature to the magnetic field, 

parallel and perpendicular flux of thermal motion along the field. No assumptions are 

made about the heat flux. The 16 moment gyro-tropic model describes well the 

collision-dominated protons in the very inner corona and the collisionless protons in 

the solar wind. 

 

Leer et al43 investigated the solar wind acceleration region from the very inner corona 

out to 20Rs based on these gyro-tropic equations.  They found that the perpendicular 

proton temperature is higher than the parallel temperature and if one allows for a 

significant Alfven wave energy flux and a gradual transfer of wave energy into the 

flow then the solar wind can be accelerated to high flow speeds without having the 

high parallel proton temperature. 

 

Li et al44 conducted a study of the gyro-tropic fluid model of the solar wind extending 

from the inner corona and out to the orbit of Earth with a spiralling magnetic field.  

Heat was added to the flow as a direct acceleration and the results obtained matched 

the solar wind very well. 

 

To describe the quasi-steady outflow form coronal holes the steady state models can 

be used describing the electron gas using the classical hydrodynamic equations.  

However, collisions are infrequent among the solar wind protons, so the fluid 

equations describing a collision-dominated gas should ideally not be used.  A gyro-

tropic fluid description can be used to describe both the collision-dominated proton 

flow in the very inner corona and also the collisionless protons in the outer corona and 

in the solar wind. 

 

For readers interested in knowing more about the use of two-fluid models in which 

the ions and electrons are regarded as distinct fluids, consult the other two-fluid 

papers in the reference section34,45,46,47. 
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4 Kinetic models of the solar wind 
 
4.1 Introduction to kinetic model theory 
Kinetic models are generally appropriate at around seven solar radii where the mean 

free path of the particles becomes equal to or greater than the mean scale height.  The 

region where this occurs is known as the exobase.  An alternative definition of the 

exobase has been proposed by Lemaire6.  The comment is made that some particles 

may become faster earlier and therefore will become collisionless lower down in the 

corona.  Since the density decreases approximately exponentially the higher density 

further down will compensate for the smaller ratio of particles with speeds high 

enough to leave the corona without collisions.  It is suggested therefore that an 

exobase could be defined in velocity space and not at a certain height.  For the 

purpose of this report however, the former definition of an exobase in height will be 

used.  The actual position of the exobase depends on the density and temperature  

profiles adopted to model the corona, but is typically taken to be 10-15Rs. 

 

A classical Spitzers proton deflection mean free path calculation can be performed14  

                                                      
n

Tp
p

2
7102.7 ×=λ                                                (22.) 

where both the mfp and the number density are in metres and the temperature is in 

degrees Kelvin. A simple quasi-neutrality condition is applied such that np=ne=n. 

 

The Coulomb deflection mfp of thermal electrons can be found from  
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=                                                (23.) 

For equal electron and proton temperature the electron mfp is smaller than that of the 

proton, therefore the electon exobase is located a slightly higher distances than that of 

the proton.   Often though the assumption is made in models that the escaping 

electrons and protons come from the same exobase and the electron and proton 

deflection mfp are equal at the exobase. 

 

So we can say that the exobase distance from the Sun is the distance where the 

Coulomb mfp becomes equal to the local density scale height H  
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For a given value of the proton temperature the radial distance of the proton exobase 

can be determined by solving iteratively the equation 
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Although the collision frequency is not exactly zero it is assumed that the particle 

trajectories are determined only by the gravitational field, electrostatic field, and 

magnetic field distributions.   We can write out a ratio of the particle kinetic energy to 

that of the magnetic field. 

                                                                   
B

mvperp

2

2

=µ                                              (26.) 

This is called the magnetic moment and is a measure of the magnetic flux within the 

particle Larmor radius.  One of the features of the motion of a charged particle in a 

collisionless plasma is that µ remains constant even though the energy changes, if the 

field changes slowly enough.  The magnetic moment µ is also called the first adiabatic 

invariant.  Generally for kinetic models the adiabatic moment is assumed to be 

invariant. 

 

Kinetic theory uses particle distribution functions to describe plasmas, and the 

solutions are found by solving the equations of evolution of the particle’s velocity 

distribution function.  So it is necessary at this stage to consider the distribution of the 

particle velocities in the gas.  Properties of an ideal gas can be characterised by the 

velocity known as the root mean square velocity 
2

v .   However, the actual 

velocities of particles in a gas can range from zero too much larger than the root mean 

square value.  Figure 6 shows the shape of a velocity distribution for three different 

temperatures.   
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FIG 6. 

Maxwell-Boltzmann velocity distribution 

As the temperature increases the curve becomes flatter and its maximum shifts to 

higher speeds.  This is what is expected from the kinetic theory of gasses 

                                                       
2
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2
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Tkvm Brms =                                                    (27.) 

which simply states that the mean kinetic energy of a particle increases with 

temperature. 

 

In figure 6 a function has been plotted f(v) that is defined as the distribution function.  

If n molecules are observed, then number dn having speeds in any range between v 

and v+dv is given by  

dvvfdn )(=  

We can also say that the probability that a randomly chosen molecule will have a 

speed in the interval v to v+dv is  

n
dvvf )(  

The function f(v) describing the actual distribution of molecular speeds is called the 

Maxwell-Boltzmann distribution and is described as 
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This equation can be used to find the average square speed as  
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substituting 
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Integration of this equation results in the average root mean square velocity 
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In the modelling of the solar wind we are dealing with particles in three-dimensional   

space.  We therefore need to use a distribution function that is a function of the 

particles position and velocity ),( vxf p  and is defined in phase space.  So in phase 

space the position and velocity are defined by the three dimensions each of x, y, z and 

vx, vy and vz.  The number of particles in an elemental volume then at the position 

),( vx in phase space is   

                                                               33),( dvdxvxf p                                             (32.) 

This is saying that fp is the number of particles of type p located between x and x+∆x, 

y and y+∆y, z and z+∆z, and between vx and vx+∆vx,  vy and vy+∆vy, and vz and 

vz+∆vz. 

 
Figure 7. 

Elemental volume in 6d phase space. 
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A separate particle distribution function is required for each species of plasma particle 

p, such as electron or ions.  

 

We are dealing with a statistical distribution.  The integral of the VDF over all 

velocity space yields the number density of the particle type. 

            ∫∫∫ ∫
∞

∞−

∞

∞−

∞

∞−
== zyxzyxppp dvdvdvtvvvzyxfvdtvxftxn ),,,,,(),,(),( 3          (33.) 

The Boltzmann equation states that the total time derivative of the single particle 

distribution function equals the time rate of change of the distribution function due to 

all collisions.  

                                ( )
collision

v t
ffBvE

m
qfv

t
f








∂
∂=∇×++∇+

∂
∂ ..                             (34.) 

The Boltzmann equation with the collision term equal to zero is called the 

collisionless Boltzmann equation or the Vlasov equation. 
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Where Df/Dt is the convective derivative along the particle trajectory in phase space, 

thus f is constant along particle trajectories.  

 

In the absence of collisions the phase space density remains constant under the 

interaction of the particles with the ensemble averaged self-consistent fields in the 

Lorentz force as it is convected with the particles.  A natural result is Liouvilles 

theorem that states that the phase space volume can be deformed but its density is not 

changed during the dynamic evolution of the plasma.  For the Vlasov equation 

Liouville’s theorem only holds if the collisions and correlations between the particles 

and microscopic fields can be neglected.  The theorem asserts that a phase space 

volume element ovd  moves under the action of the Lorentz force like an 

incompressible fluid in phase space because 0. =∇ v  holds for the phase space 

coordinates.  If we consider a phase space element vdxd with density ( )ooo tvxf ,, .  At 

t0 all particles in this volume element have nearly the same position and velocity.  At 

some later time t1 the particles will have moved to different positions with their 

slightly different initial velocities and under the action of the Lorentz force acting on 

them.  This leads to deformation of the phase space volume element.  However, the 

phase space density is conserved from the Vlasov equation such that 
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                                                     ( ) ( )ooo tvxftvxf ,,,, 111 =                                       (36.) 

Therefore the volume of the phase space element 1vd  is conserved along the 

dynamical trajectories of all the particles it contains.  

 

We then ask the following question.  How are the particle trajectories governed and 

by what forces?  The particles making up the phase space volume of the plasma are 

subject to the action of forces and the forces are different for each of the particles.  

The phase space volume of the plasma will deform under the action of forces, as the 

number of particles does not change.  Therefore the volume remains constant but the 

shape changes.  The forces that cause this shape change are due to rotation and 

stretching of the volume as a result of a small change in the particle velocity and 

position under the action of microscopic forces such as electric, magnetic fields and 

particle collisions.  The particle position itself is found by its equation of motion 

under the action of all the microscopic electromagnetic fields.   

 

So we start at to with a VDF ( )ooo tvxf ,, and thanks to the Liovilles theorem, the 

problem of solving the Vlasov equation is reduced to one of solving particle 

trajectories since once they are known, the value of f along them is also known and 

the distribution function at any position and time can be then constructed by tracing 

the trajectories backwards in time to their values at t = 0.   So we have the VDF at z1 

during time t1 as ),,( 111 tvxf . 

 

So the application of Liouville’s theorem to the Vlasov equation is a very powerful 

technique.  Once we know the VDF of the particles at z1 we simply substitute it into 

equations that are obtained by taking moments of )(vf .  The distribution function 

depends on the velocity, on space and on time.  
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 The physical macroscopic quantities such as density, bulk flow velocity, average 

temperature do not depend on the particle velocities but only on space and time.  

Therefore to obtain a quantity that does not depend on velocity we have to integrate 

over all velocities that are contributing to it. 

 

Number density                                      ∫= vdvfn 3)(                                             (37.) 

 

Bulk velocity                                        ∫= vdvfvVn 3)(                                          (38.) 

 

Kinetic energy                                      vdvfmvmvn 3
22

)(
22 ∫=                             (39.) 

 

Parallel momentum flux                      ∫= vdvvmfP 32
//// )(                                        (40.) 

 

Perpendicular momentum flux            ∫ ⊥⊥ = vdvvfmP 32)(
2

                                    (41.) 
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4.2  Typical assumptions and caveats of kinetic models 

4.2.1   Assumptions 

• Under action of forces the number density of particles in given phase space 

volume does not change.  The volume stays constant but a change of shape 

occurs.  This is Liouville’s theorem. 

• Phase space density is conserved along dynamical evolution of path.   No 

particles lost or added to plasma. 

• Average over a large number of particles. 

• Compose fields as sums of averages and fluctuations. 

• Collionless plasma.   

• Particles trajectory determined by only gravitational field distribution, 

electrostatic field distribution, magnetic field distribution. 

• Adiabatic moment is invariant. 

 

4.2.2  Caveats 

• Below exobase altitude a fluid approximation only can be used to determine 

the density, bulk viscosity, temperature distributions in the solar corona.  

Although a kinetic collision model could be used it would be impractical. 

• Models cannot fully account for actual distributions of temperature 

anisotropies for solar wind protons and electrons. 

• Does not lead to ‘fully’ satisfactory models of solar wind at large radial 

distances. 

• A major uncertainty of kinetic models comes from assumptions concerning the 

particles trapped in closed orbits, which are independent of boundary 

conditions. 

• The kinetic model is a very complete description but the mathematics is very 

complicated. 

• The kinetic model can only be applied successfully in a collision free regime. 
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4.3  Exospheric models of the solar wind 
All the exospheric models assume a collisionless plasma above the exobase.  

Exospheric models are adequate for slow solar wind properties but are unable to 

account for the fast solar wind where typical velocities are around 500km/s at 1AU. 

To reach such velocities an exobase temperature of more than 106K is required in the 

exospheric models (as it is in the hydrodynamic models). 

 

In the exospheric models the fast moving electrons tend to escape from the corona, 

and an interplanetary electrostatic potential difference sets in between the solar corona 

and infinity. The corresponding electric field is directed outward.  It decelerates the 

outward propagating electrons and accelerates the protons.  Therefore the presence of 

a potential difference between the corona and the Earth of around30 400-500V is a 

result of these models. 

 

4.3.1  Kinetic exospheric models of the solar wind 
This is commonly called the solar breeze model and was first developed by 

Chamberlain48.  The models are solved as a solution to the collisionless Vlasov 

equation. 

  

Exospheric theory approximates the transition from a Maxwellian VDF low in the 

atmosphere to a free streaming regime high in the atmosphere by the assignment of 

the critical base in the exosphere.  The plasma is considered as a truncated displaced 

Maxwellian VDF from this reference altitude already defined as the exobase.  Above 

the exobase the plasma is completely collisionless.  Only particles with a velocity 

more than the escape velocity contribute to the net evaporation flux and above the 

exobase the coronal particles move freely under the influence of an electric potential 

field )(rEΦ  and the solar gravitational field )(rgΦ . 

                                                               
r

GMrg −=Φ )(                                           (45.) 

To ensure electrical charge neutrality in the coronal exosphere it is assumed that the 

number density of protons and electrons are equal np(r) = ne(r) and that the electric 

potential field is of a Pannekoek-Rosseland type 
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From the solution to the Vlasov equation one can find the bulk velocity, density and 

average temperature of escaping particles as a function of radial distance. 

 

 

4.3.2  Maxwellian kinetic model of the solar wind 
 

It was noted by Lemaire3 that the Pannekoek-Rosseland electric potential distribution 

is not applicable when there is a net flux of escaping particles, such as when the 

plasma distribution is not precisely in hydrostatic equilibrium.   Lemaire showed that 

for such an electric potential distribution the flux of escaping electrons is much larger 

than the escaping flux of protons.   
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Much research into kinetic models of the solar wind was not done for many years due 

to the prediction of too low a solar expansion speed.  The success of the 

hydrodynamic models also contributed to this downturn in kinetic model research.  

This was until alternative electric potential distributions were explored to the 

Pannekoek-Rosseland type.  These electric potentials improved the predicted solar 

wind properties at 1AU, particularly the solar wind speeds, densities and average 

temperatures. 

 

Sen10 put together a model exosphere of the corona in which a finite electric sheath 

potential was assumed at the exospheric surface (baropause) to maintain the equality 

of the escaping fluxes of the protons and the electrons Fp(ro) = Fe(ro).  In Sen’s model 

the electric field is about twice as large as the Pannekoek-Rosseland field  
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where ψ° and βs are constants determined by solving the flux equality of the protons 

and electrons.  With these constants though, the quasi-neutrality condition of the 

proton and electron number densities cannot be satisfied in the exosphere.   
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Lemaire11 et al presented an exospheric model in which the quasi-neutrality and zero 

electric current conditions were both satisfied together.  The electric potential in this 

model is 
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rrrr gp

EE
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o

Φ




 −=Φ−Φ βα   for r > ro                        (49.)   

where α is a constant and β(r) is a monotonic function of the radial distance.  

 

Figure 8. shows the three electric potentials compared. 

  

 
FIGURE 8. 

The electric potential in some exospheric models of the solar corona.3 

 

For a truncated Maxwellian at the exobase Lemaire found that the zero current 

condition requires an electrostatic potential drop of 690V, much larger that that of the 

Pannekoek-Rosseland electric potential drop value of 150V. This larger electrostatic 

potential difference accelerates the protons to supersonic velocities and enhances the 

critical escape speed of the electrons limiting their evaporation flux. The results of 

this model are shown in table 2. 
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Solar wind properties 

 

Solar wind observations 

(Hundhausen 68) 

 

Exospheric Maxwellian 

models 

(Lemaire-Scherer 71) 

Bulk velocity (km/s) 320 320 

Number density (cm-3) 5.4 7.18 

Proton temperature (K) 4108.4 ×  4108.4 ×  

Electron temperature (K) 5101.1 ×  51017.1 ×  

Anisotro.proton  T p// / T p⊥  3.4 164 

Anisotro.electron T e// / T e⊥  1.2 3.05 

Energy flux(ergcm-2s-1) 0.24 0.20 

Heat cond.flux(ergcm-2s-1) 2101 −×  2101.5 −×  

 

 

TABLE 2 

Comparison between measurements and exospheric Maxwellian model of the solar 

wind during quiet solar wind conditions.12 The observations are taken from 

Hundhausen (1968) at 1AU. Model exobase conditions at ro=6.6Rs are: 

ne(ro)=np(ro)=3.1*1010m-3, Te(ro)=1.52*106K, Tp(ro)=9.84*105K. 

 

As can be seen from the table the predictions of the model are in good agreement with 

the measurements.  However the temperature anisotropies are too large in the model.  

This is probably due to the assumption of the model that the particles are completely 

collisionless.  There are two solutions to this.  Lemaire and Scherer (1972) argue that 

pitch angle scattering by Coulomb collisions would be able to reduce significantly the 

large temperature anisotropies without changing the average energies and mean 

temperature of electrons and protons.  The other solution is the introduction of a spiral 

magnetic field instead of a radial one as usually assumed.  This could significantly 

reduce the proton anisotropy (see sec.4.4). 

 

So the use of alternative electric potential distributions has greatly improved the 

predictions at 1AU for the solar wind properties.  The exception however, is the ratio 
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of parallel and perpendicular pressures or temperatures of the electrons and protons, 

which were much larger than the observed values. 

 

4.3.3 Lorentzian (kappa) model of the solar wind 
Actual energy distributions measured in space do not resemble Boltzmann 

distributions but have more complicated shapes exhibiting long tails that strongly 

deviate from simple Maxwellian’s.  Such tails can be modelled by power law 

distributions where the distribution function varies like  
κ−∝ Wtvxf ),,(  

where κ is some constant power and W is the kinetic energy.  

 

This functional dependence is an approximation to a more general distribution that is 

called the kappa distribution. 
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W0 is the particle energy at the peak of the distribution that can be related to the 

average thermal energy by 

                                                       )
2
31(
κ

−= TkW Bo                                               (51.) 

For ✗ >> 1 the two results are identical and the distribution becomes a simple 

Maxwellian.  So that in the limit as ✗ → ∞ it becomes a Maxwellian. But for ✗ > 1 the 

distribution possesses a high velocity tail.  A kappa distribution falls off more slowly 

than a Maxwellian at high energies.  See figure 9. 
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FIGURE 9. 

Comparison of different kappa models to Maxwellian model.  All functions have been 

normalized to the same value at v = 0: f(0) = 1. 

 

The solar corona has a high temperature and there is a requirement to explain this 

without invoking dissipations of energy or momentum by wave particle interactions in 

the inner corona, which complicates the models.  Such a mechanism has been 

proposed49 and is known as a velocity filtration effect. The VDF of electrons has an 

enhanced population of suprathermal electrons at the base of the corona.  The 

Lorentzian distribution is characterised by enhanced suprathermal tails with a phase 

space density decreasing as a power law of v2 instead of as exp(-βv2)  when v → ∞.  

The slope of the tail is determined by the value of the kappa index.  When ✗ → ∞ one 

recovers the isotropic Maxwellian VDF. 

 

In the fast solar wind the observed electron distributions are characterised by 

enhanced high velocity tails.  They can be fitted by Lorentzian (kappa) functions with 

a kappa index between 2 and 5.  The characteristic suprathermal electron tails are 

known as the halo population. 

 

Lemaire et al7 developed a generalised Lorentzian ion-exosphere model for the solar 

wind.  This new family of models shows that suprathermal tails increase the electric   
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potential difference between the exobase and infinity.  Therefore larger bulk velocities 

are obtained at 1AU by reducing the value of the kappa without unreasonably large 

coronal temperatures and without additional heating process in the inner or outer 

region of the corona.  The results for the theoretical Lorentzian model as compared to 

measurements taken from Helios – 1 and 2 data are shown in table 3.   

 

 

Solar wind properties Fast wind observations 

(Helios – ½) 

Exospheric Lorentzian 

model 

Bulk velocity (km/s) 667 667 

Number density (cm-3) 3 2.7 

Proton temperature (K) 5108.2 ×  41022.1 ×  

Electron temperature (K) 5103.1 ×  61034.1 ×  

Anisotro.proton T p// / T p⊥  1.2 46 

Anisotro.electron T e// / T e⊥  1.2 4.4 

 

 

TABLE 3 

Comparison between Helios 1 and 2 fast solar wind measurements (Maksimovic 

1995) and the Lorentzian model.12  The model was obtained with ✗  =2, ro=6.4Rs, 

ne(ro)=np(ro)=3.2*1010m-3, Te(ro)=1.5*106K, Tp(ro)=106K. 

 

The evaporation of the electrons is very sensitive to the value of the index ✗. Note 

however that the proton temperature in this model is too low. 

 

One of the interesting properties of a kappa VDF is that if the VDF at the exobase is a 

function κ
of , it can be seen that the function keeps the shape of a kappa VDF with the 

same index. 

 

In many solar wind models the electron VDF’s have usually been fitted to the sum of 

two isotropic Maxwellian VDF’s.  Namely, a core and a halo. In the paper by 

Lemaire7 a typical electron VDF in the solar wind is shown.  See figure 10.  The 

squares represent the observed points of the VDF while the dashed lines represent a 
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double Maxwellian core/halo fit.  They are fitted with a kappa ( )4=eκ  model that is 

the best fit for the suprathermal halo is shown as a solid line.  The kappa model is a 

more attractive alternative, as it only requires one parameter to fit the observations.   

 

 
 

Figure 10 

Electron VDF in the solar wind.7  The dashed line corresponds to sum of two 

Maxwellians: a core (nc = 30.8cm-3 and Tc = 1.6*105K) and a halo (nh = 2.2cm-3 and 

Th = 8.9*105K).  The full line corresponds to the electron kappa ( )4=eκ  model fit (n 

= 33.9cm-3 and κT = 1.9*105K).  

 

Figure 11 shows a plot from a model of the expansion speed at 1AU using different 

values of kappa index.  The bulk speed tends to increase with the temperatures at the 

exobase.  The average velocity of the escaping particles, which is the solar wind bulk 

speed is an increasing function of the temperature and the width of the VDF’s at the 

exobase.  So as the width of the VDF’s is enhanced at the exobase the number of 

particles with a velocity greater than the escaping velocity is equally enhanced and the 

average velocity of those particles is increased.  Note though that increasing the 

spread of the VDF’s at the exobase is not the only way of increasing the solar wind 

bulk speed at 1AU.  If one decreases the electron kappa index one can get the same 

result.  A consequence of this is that there is no longer a need to invoke additional 

heating mechanisms in the outer corona, in order to increase the solar wind bulk 

speed, which is often a procedure used in the fluid models. 
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Figure 11. 

Plot of expansion speed at 1AU for different kappa index compared to a typical 

hydrodynamic model.7   

 

It is clear therefore that kappa VDF models are able to predict the high-speed solar 

wind without unreasonably large coronal temperatures and additional heating of the 

outer corona.  This is in contrast to the fluid models. 
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4.4 Kinetic collisionless model of the solar wind in a spiral magnetic field 
Lemaire et al5 produced a kinetic collisionless kappa model to take into consideration 

the spiral structure of the interplanetary magnetic field.  In many exospheric models a 

radial magnetic field is assumed, but this is not justified further than about 1AU 

except at high latitudes. 

 

In the paper by Lemaire the total energy of the particles and the spiral structure of the 

average interplanetary magnetic field are given respectively as 
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where for the energy equation the terms are kinetic energy, electric charge qe, electric 

potential V(r), gravitational potential gΦ  and a centrifugal energy term.  Although the 

protons have a Maxwellian velocity distribution function everywhere it is assumed 

that the electron velocity distribution is a generalised Lorentzian of index kappa at the 

exobase ro.  The particle distribution at any further radial distance is found from 

Liouvilles thereom using the conservation of invariants of the motion. 

 

Figure 12 shows the property profiles obtained for the radial and spiral magnetic field 

models by Lemaire et al.5 In this model a κ  = 10 distribution was used. Similar 

conditions are assumed at the exobase level r0 = 6.6 Rs: ne(ro) = np(ro)=3*1010m-3, 

Te(ro)=Tp(ro)=1.5*106K. 
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FIGURE 12. 

Comparison of different properties for spiral structured magnetic field (dashed line) 

and when radial structure is assumed (solid line).5   
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From the model generated and compared to a purely radial case it has been 

determined that the number density and radial bulk velocity are not significantly 

effected by the spiral magnetic field.  The temperatures of the particles are however 

changed. The exospheric proton temperature anisotropy obtained in radial exospheric 

models is reduced, but it still too high to agree with observations.  These excessive 

temperature anisotropies are a result of assuming collisionless behaviour. Since pitch 

angle scattering reduces the temperature anisotropies without changing the average 

energies of the particles a spiral magnetic field model is expected to be an improved 

one to calculate the profiles of electron and ion particle total temperatures and their 

anisotropies. The protons may be affected by collision’s with alpha particles and by 

wave particle interactions. 

 

Note that the electric potential difference between the exobase level and infinity is not 

greatly affected by the spiral structure of the field.  Significant effects would appear 

only for stars rotating much faster than the sun. 
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5.  Fokker-Planck model of the solar wind 
The exospheric model assumes a collisionless plasma above the exobase. But 

Coulomb collisions still have some effects above this level.  Since the Coulomb cross 

section is proportional to 1/v4 between colliding particles, the exobase for a given 

particle decreases with its energy.  Therefore no unique exobase corresponding to 

mean thermal velocity of particles should be possibly used.  Also the assumption that 

the plasma is collision dominated as assumed in fluid models is also difficult to justify 

since the mean free path of the particles becomes larger than the scale height above 

around seven solar radii.  And particles with velocities larger than the mean thermal 

velocity becomes collision-less even at lower altitudes. 

 

Since the solar wind is neither a purely collision dominated medium nor a purely 

collisionless one, to study the solar wind over a range of radial distances, at low radii 

(collision dominated) and high radii (collisionless), it is required to solve the Fokker-

Planck equation. This is the only kinetic equation adapted to describe the expansion 

from a collisional region to a rarefied region. 
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This takes account of the effects of external forces such as gravitational, electric and 

Lorentz forces and also accounts for Coulomb collisions between the particles.  A 

typical set of boundary conditions could be one at the base of the corona in the 

collision-dominated region, and one at larger radial distances well above the exobase. 

 

Lie-Svendsen et al36 developed a kinetic model of the solar wind that is a solution of 

the Fokker-Planck equation.  The authors studied the evolution of the electron 

velocity distribution function in high-speed solar wind steams from the collision-

dominated corona to the collisionless interplanetary space.  A test particle approach 

was used where electrons were injected in to a prescribed solar wind background that 

is computed from fluid models. The test electrons were in thermal equilibrium with 

the background at the base of the corona.  The study of the electron velocity 

distribution function could contain information about physical processes that are 

taking place in the acceleration region and the heating of the corona.   
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There has as yet not been a self-consistent study of the evolution of the electron 

velocity distribution function in a self-consistent electric field, in the region from 

collision-dominated to collisionless.  If such a program could be developed then a 

similar solution for the proton velocity distribution would also be useful. In the 

model36 the authors considered for simplicity only collisions with the background 

electrons and that they are static with a VDF close to a Maxwellian.  The electron 

density is assumed high enough to ensure that the electron gas is collision dominated 

near the inner boundary.  A population of test electrons is then injected at the coronal 

base. The time dependant Fokker-Planck equation is then integrated in time until as 

steady state is reached. 

 

In the previous models of the solar wind the effects of collisions have been largely 

neglected.  In this model the full Fokker-Planck collision operator is used with no 

simplifying assumptions.  In most kinetic exospheric models the corona is assumed 

collision-dominated up to the given exobase altitude and collisionless above it.  The 

particle VDFs are then calculated analytically above the exobase by solving the 

equations of motion in the self-consistent electric field.  But in this model we are 

including the Coulomb collisions through the Fokker-Planck collision operator and 

therefore do not have to assume an exobase, but can follow the particles through the 

transition from a collision dominated flow to a collionless one.   The collision 

operator describes the binary Coulomb collisions between the test electrons and the 

ambient background electrons. It is to be used when the large angle collisions can be 

neglected.  Due to the small mass ratio of electron-proton collisions these are 

neglected because their energy transfer is not important.  It is noted however that the 

protons do contribute to the angular scattering and neglecting the proton collisions 

then would imply that the model overestimates the anisotropies of the distribution 

functions.  The electron collision term is written with the notation that subscript 1 

represents the test electrons and subscript 2 the background electrons as 
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where n2 is the background density, q1=q2=-e is the electron charge, m1=m2=me is the 

electron mass, and lnΛ is the plasma parameter which accounts for the Debye 

screening in the electric field.  Note that the usual summing over pairs convention of 
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equal indices is implied.    The functions G2(v) and H2(v) are integrals over the 

distribution function of the background species. 
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and µ is the reduced mass of the background and test particles. 
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Although there is no need for the definition of an exobase in this model, there is a 

requirement for boundary conditions.  The upper boundary is in fact similar to the 

exobase in the exospheric models since the collisions are assumed unimportant above 

this level.  Above the level there is an upper boundary of which particles are 

determined by the interplanetary electric potential and no particles enter the upper 

boundary from above with speeds greater than the escape speed and particles with 

speed less than the escape speed are reflected.  Note that whereas in the fluid models 

the particles are treated as flowing with the same velocity contributing to the fluxes, 

in this model the boundary conditions imply that only particles with more than the 

escape energy will contribute to the net particle and energy fluxes.   

 

In this model as the density increases the number of time steps increases in the 

computation and so a lower boundary must be chosen that is collision-dominated but 

not too close to the Sun.    In order to describe the high-speed solar wind observed by 

the Helios spacecraft, firstly several one fluid models were studied, followed by a 

multi-fluid model for the background high-speed solar wind.  The authors36 found that 

the use of the one-fluid models were not found to be sufficient, as they could not 

reproduce the high proton bulk speeds measured by the Helios spacecraft.  In order 

for the comparison to be meaningful the background plasma must be consistent with 

the bulk properties that are measured by Helios and so a more realistic 6-fluid model 

was employed for the background.  In this model energy flux from the Sun was 

deposited as 10% in the electron fluid, 65% in the protons, and 25% in the α particles. 

The multifluid model was found to produce good agreement with the measurements 

by the Helios spacecraft.  For example, The Helios spacecraft obtained electron heat 
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flux and escape speed values of 1.15*10-4Wm-2 and 6*103kms-1 respectively.  

Whereas, the model calculation for the electron heat flux and escape speed were 

4.45*10-5Wm-2 and 5*103kms-1.  The modelled velocity distribution function of the 

test electrons in a high-speed solar wind background at 50-60Rs also shows close 

similarity to the electron velocity distribution observed in high-speed streams around 

0.3AU by the Helios spacecraft.   An interpretation was made that the observed VDF 

is made up of the same two populations, a bound population that contributes to the 

density and temperature moments and an escaping population that makes up the 

particles flux and also carries the heat conductive flux.   

 

It is concluded from this study that for the model background used the ions are heated 

preferentially and the electrons play only a minor role in the acceleration of the solar 

wind.  The evolution of the VDF is determined primarily by the electric field and the 

expanding geometry.  So a kinetic model that only includes Coulomb collisions 

between electrons and the popularisation electric field and the expanding geometry 

leads to VDF that are in excellent agreement with the observations of the high speed 

streams.  It is found that no other processes such as plasma wave interactions or 

turbulence are needed to obtain these results.  The observed tails in the VDF imply a 

low electrostatic potential, which implies that most of the energy supplied to the wind 

has been absorbed by the protons and α particles hinting at a corona consisting of cold 

(passive) electrons and hot ions. 

 

Pierrard et al37 took typical electron velocity distribution functions observed at 1AU 

from the Sun by the Wind (Lin et al39) spacecraft and used them as boundary 

conditions to determined the electron VDF at 4Rs in the corona.  The VDF at low 

altitude are obtained by solving the Fokker-Planck equation using two sets of 

boundary conditions, one corresponds to a VDF observed in a low speed solar wind 

flow characterised by a core and halo electrons, the other corresponds to high speed 

solar wind characterized by halo and strahl populations.  The model used was similar 

to that of Lie-Svendsen36 with alternative boundary conditions and distributions of 

background plasma.  The model here makes use of the typical electron VDF measured 

at 1AU by the Wind spacecraft as boundary conditions. Also in this model a fluid 

model is not used to simulate the solar wind background density but a collisionless 
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background plasma whose VDF is the generalised Lorentzian fuction often used in the 

exospheric models. This is useful as both high-speed and low-speed solar wind 

background plasma can be simulated with small and large values of the kappa 

parameter respectively.  As in the model by Lie-Svendsen36 the electron-proton 

collisions are negelected.  The background electrons are assumed to have a Lorentzian 

(kappa) VDF with a non-uniform temperature.  The expression for the collision term 

on the right hand side of the Fokker-Planck equation is the same as that used in the 

Lie-Svendsen36 model. 

 

In Figure 13 the VDF have been plotted. (a) and (b) are the typical electron VDF as 

measured by the Wind spacecraft and taken as a boundary condition at 1AU.  The 

distributions are corrected for the spacecraft potential and are given in the solar wind 

bulk frame of reference (zero bulk speed). (a) slow solar wind; v = 320km/s, n e= 

10cm-3, isotropic Maxwellian thermal core and hot halo population. Fits with a κ =3.1 

kappa model. (b) fast solar wind; v = 650km/s, ne = 4cm-3, VDF more anisotropic and 

contains population of strahl electrons aligned with local magnetic field direction. Fits 

with κ = 2 kappa model.  (c) and (d) are the Fokker-Planck solutions at 4Rs obtained 

using the Pierrard model with two sets of boundary conditions. As the one goes 

deeper into the corona Coulomb collisions become more dominant tending to produce 

an isotropic and Maxwellian VDF for the test electrons that are close to the isotropic 

and Maxwellian distributions of the background electrons.  The importance of the 

core electrons then increases as the Coulomb collisions become more dominant. 

These coulomb collisions effect the low energy particles more than the suprathermal 

halo electrons.  The electrons of higher energy are less affected by coulomb collisions 

with the result that the non-Maxwellian halo population are already present in the 

VDF at low altitudes.  This suggests that the suprathermal electrons observed at large 

distances in the solar wind have their origin in the inner corona by a process that is 

not yet understood.   (e) and (f) are the Fokker-Planck solutions with two boundary 

conditions as used in the model by Lie-Svendsen36.  (e) This is for the high altitude of 

215Rs where VDF is void of particles coming in from infinity. (f) This is for low 

altitude of 4Rs where the electrons moving upward are assumed to have Maxwellian 

VDF with T = 1.6*106K. at high altiudes the results are near to truncated Maxwellians  

obtained at the exobase in the exospheric models.  
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FIGURE 13. 

Comparison of VDF: 37 For the Wind spacecraft measurements (a) and (b) the Fokker-

Planck solutions at 4Rs using the Pierrard model with two sets of boundary 

conditions; (c) and (d) and the Fokker-Planck solutions using the Lie-Svendsen model 

with two boundary conditions; (e) and (f).   

 

The results of the paper by Pierrard et al37 indicate that suprathermal tails must exist 

in the lower corona when they are observed at 1AU but they are much less important 

close to the sun than those measured at large distances. Of the two cases simulated in 

this model the authors found that the electron VDF have less important suprathermal 

tails in the lower corona.  The suprathermal tails are less attenuated by coulomb 

collisions in the fast wind than in the slow one.  One of the advantages of these 

models is that they have been able to outline the physical origin of the 

thermoelectrostatic field accelerating the coronal ions to supersonic solar wind 

velocities.  

 

From the solutions to the Fokker-Planck equation Pierrard et al37 notes that the radial 

density is not very sensitive to the type of model adopted whether it be kinetic, 

exospheric or hydrodynamic and this therefore makes it difficult to compare one type 

of model over another. 
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Pierrard37 then concludes that the solar wind electron VDF’s observed in the inner 

heliosphere exhibit a large suprathermal halo component whose origin could be from 

the corona or a by product of some wave-particle interaction.  This is not well 

understood and there could be some other mechanism at work here responsible for the 

suprathermal halo component.  It is noted that the electron VDFs have les important 

suprathermal tails corresponding to κ  = 10.1 for the slow wind model and to κ  = 4.2 

for the fast wind model.  The suprathermal tails are less attenuated by Coulomb 

collisions in the fast wind than in the slow one. 
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6.  Discussion  

 

6.1  Discussion of solar wind models 
In this report some of the mathematical models of the solar wind have been explored. 

Since the first scientific studies of the solar wind by Parker, Chapman and 

Chamberlain there have been a vast collection of information on the structure, origin 

and behaviour of the solar wind.  One of the main sources of this information has 

come from actual missions by spacecraft gathering in situ measurements.  The 

consequence of this data source has been the creation of solar wind models largely 

from the approaches of the fluid and kinetic model descriptions. 

 

The differences between these models has, throughout the years caused a debate that 

Lemaire6 remarked is similar to that of the different interpretations of Quantum 

Mechanics. 

 

The fluid approximations are most effective when applied to the weakly collision 

dominated region low in the solar corona but become difficult to justify at large radial 

distances.  The isothermal hydrodynamic Parker model approximates to a high degree 

the solar wind conditions observed at 1AU appropriate to a high thermal conductivity 

corona.  The fluid models do not however, successfully account for the actual 

distributions of temperature anisotropies.    

 

An MHD model better describes the transfer of energy in the high-speed solar wind. 

Multi-fluid models improve the accuracy of the solar wind modelling, but do not 

reproduce the properties of the fast solar wind that are observed.  One of the 

shortcomings common to all fluid models is that they never predict solar wind 

velocities of 600-800km/s at 1AU without invoking coronal heating addition. 

However, the development of the multi-fluid models is likely to continue to provide 

insight into the solar wind. 

 

Limits on the hydrodynamic models can be made, by applying the most simple 

expansion model of the solar corona such as the isothermal one.   The region where 

the mean free path becomes equal to the scale height (kn= 1) marks the location of the 
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exobase.  This is generally where the hydrodynamic models begin to brake down and 

where the flow velocity becomes very supersonic.  The bulk velocity at the exobase is 

still smaller than the thermal velocity of the protons.  It is here that a kinetic model 

starts to become more appropriate. 

 

The kinetic models are most effective at large radial distances from the Sun where the 

behaviour of the particles is largely collionless.  Although the models give improved 

predictions over the fluid models for large radial distances, they are not fully 

satisfactory.  The kinetic models use the particle velocity distribution functions to 

describe the plasma and tend to be complicated and difficult to solve.  The application 

of Liouville’s theorem to the Vlasov equation produces results that are confirmed by 

spacecraft measurements to high agreement.  Below an exobase altitude the kinetic 

models cannot be used to determine the properties of the solar corona. The kinetic 

models also cannot account fully satisfactorily for the actual distributions of 

temperature anisotropies and in fact the predicted values are larger than those of the 

fluid models leading to a major uncertainty in the kinetic models.  This may be due to 

a completely collisionless assumption.   

 

The use of the Pannekoek-Rosseland electric potential distribution is not applicable 

for the case of a net flux of escaping particles.  The use of alternative electric potential 

distributions has improved the predictions of kinetic models, but there are still 

outstanding exceptions in solar wind pressures and temperatures.  The predicted 

temperature anisotropies are however still too large. 

 

The use of power law velocity distribution functions has improved the kinetic 

modelling predictions, in particular the generation of the high temperature corona 

without invoking additional heating mechanisms in the outer corona. This can be 

achieved by reducing the value of the kappa index and has the result of obtaining 

larger bulk velocities, which unlike the fluid models does not require the additional 

coronal heating mechanisms. 

 

The inclusion of the Sun’s spiral magnetic field in the kinetic models gives some 

improvements in the property predictions. In particular, for the temperatures that is 

changed noticeably.  These temperatures are still too high to agree with observations 



Mathematical Models of the Solar Wind 
K.F.Long 

 60 

however.   There is a negligible change in the number density, bulk speed and electric 

potential though. Significant improvements would only be apparent however, for very 

fast rotating stars. 

 

Because the solar wind is neither a purely collision dominated medium nor a purely 

collisionless one, a solution can be arrived at by solving the Fokker-Planck equation 

with a collision operator.   Although there is no requirement for the definition of an 

exobase, there is a need for boundary conditions.  In the two boundary condition study 

performed by Lie-Svendsen et al36 the use of a one fluid models could not reproduce 

the high proton bulk speeds observed.  The use of multi-fluid models however did 

reproduce the observed properties.  It was also found that the electrons play a minor 

role in solar wind acceleration, and that, plasma wave interactions and turbulence 

processes were not required in obtaining the good results.  A similar Fokker-Planck 

study was performed by Pierrard et al37 using two sets of boundary conditions and a 

generalised Lorentzian VDF background.  One of the findings of this study was that 

suprathermal tails must exist in the lower corona when they are observed at 1AU. 

 

In the solutions to the Fokker-Planck equation the models neglected the electron-ion 

collisions as well as wave-particle interactions, which can contribute to some extent to 

pitch angle scattering.  Examining the effects of including these phenomena may be a 

worthwhile study for the future. 

 

The effects of kinetic wave-particle interactions on the solar wind have been 

investigated however, by Tam et al40. The model used follows the evolution of the 

particle distributions along an inhomogeneous field line under the influence of wave-

particle interactions. The model accounts for the bulk acceleration of the solar wind, 

the preferential heating of the helium ions over the protons, as well as the 

occasionally observed double peaked proton velocity distribution.  The study showed 

that resonant effects associated with left hand polarized components of waves can 

dominate the electric field giving rise to a solar wind flow where the helium is the 

faster ion species compared with the proton.  The velocity differences between the ion 

species in the results were in agreement with the Helios observations within the 

Earths orbit.  The resonance between the protons and the inward propagating 

components of the left hand polarized waves can lead to the formation of the double 
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peaked velocity distributions often observed in the solar wind. Locally generated 

waves can significantly modify the shape of the ion distributions and may account for 

the distributions observed by the Helios spacecraft. 

 

It is apparent that the fluid and kinetic approaches are more effective in their 

respective regions of application, namely in the collision dominant region for the 

fluids models, and the collisionless region for the kinetic model’s.   The question of 

whether one approach is ‘better’ than the other is not a useful one, as it is evident that 

the two methods are complimentary and should both be applied simultaneously in 

understanding the physics of the solar wind globally. 

 

Kinetic theory uses particle distribution functions to describe plasmas, whereas fluid 

theory (including MHD) uses only a few macroscopic quantities derived from the full 

particle distributions functions.   

 

When comparing these two models it is useful to look at the Knudsen number defined 

as the ratio of the particle mean free path and the density scale height. 

                                                         
H

Kn mfpλ
=                                                         (58.) 

In the hydrodynamic case the medium is collision dominated and as such the Knudsen 

number is much smaller than unity.  For the kinetic models the Knudsen number goes 

to infinity as the medium is considered collision-less. 

Kn << 1              (hydrodynamic) 

Kn →  ∞             (kinetic) 

 

However, at 1AU the value of the Knudsen number is approximately unity, which 

leads to the conclusion that neither of the two models can accurately predict the solar 

wind properties at this point.  But they both complement each other and enable an 

understanding jointly of the processes at work in the solar wind.  

 

For the hydrodynamic approximations, the general transport equations have been 

established for collision dominated gases such that when the interaction force between 

the particles is well determined and when the velocity distribution is not too far from 

the Maxwellian equilibrium function as a result of collisions.  Within such a region 
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for steady state regimes the mean free path of the interacting particles is small with 

respect to the dimensions of the system.  In regions where the mean free path is larger 

than the dimensions of the system such as in the ion-exosphere the hydrodynamic 

approximations do not give reasonable results.  Below the exobase altitude only can a 

hydrodynamic approximation be used confidently to determine the various properties 

of the solar corona.  The hydrodynamic approximations are however invalid in the 

region of the distant solar wind plasma.  It is apparent that discrepancies in the 

application of the different hydrodynamic models appear at larger radial distances 

such as at 1AU.  The hydrodynamic models are not appropriate at even larger radial 

distances even when the velocity distribution is close to a Maxwellian.  To account 

for this often6 the particle collisions are replaced by wave-particle interactions to 

justify the relevance of the hydrodynamic approximations beyond the exobase 

altitude.  This implies that for wave-particle interactions have similar effects on the 

velocity distribution as Coulomb collisions.  This is a controversial assumption. 

 

Above the exobase altitude in the solar corona the Coulomb collisions with impact 

parameters smaller than the Debye length are infrequent and they play a minor role 

only in the evolution of the velocity distribution function.  In kinetic models the 

collision frequency is not completely zero, but it is generally assumed to be so.  Only 

the gravitational field, electrostatic field and magnetic field distributions then 

determine the particle trajectories. 

 

Although the kinetic models do lead to a better description of particle behaviour than 

the hydrodynamic models at large radial distance, it does not however lead to a fully 

satisfactory model of the solar wind in this region. 

 

Lemaire6 comments that a major uncertainty of kinetic models comes from the 

assumptions concerning the particles trapped in closed orbits that are independent of 

boundary conditions.  This is a distinctive feature of kinetic models. 

 

Kinetic models appear to be able to predict the average solar wind temperatures 

satisfactorily by collision-less model calculations.  However, these models do not 

seem to be able to account for the actual distribution of the temperature anisotropies 

for the solar wind protons and electrons.  It has been suggested by Lemaire6 and 
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others that Coulomb collisions could provide the wanted mechanism to reduce the 

temperature anisotropy below values predicted by the exospheric model calculations. 

 

Kinetic models generally predict larger parallel and perpendicular temperatures that 

are closer to what is observed than in fluid models.  The temperature anisotropies are 

extremely large and unrealistic.  This is one of the limitations on the kinetic models.  

The inclusion of a spiral interplanetary magnetic field could reduce this anisotropy by 

a factor of five. This reduction is however, still too small to bring the proton 

anisotropy into the range of the observed values at 1AU.  The temperature 

anisotropies of the electrons are also too large although smaller than that of the 

protons.  The opinion is that the electron anisotropy is reduced due to the large 

number of trapped electrons, compared with the number of escaping electrons at 1AU. 

 

The advances that have been made in solar wind model building have dramatically 

improved our understanding of the physics of the near Earth environment.  There is 

still scope for improvements however, noticeably in the fast solar wind and in the 

predictions of the temperature anisotropies, which are still not simulated correctly in 

all current solar wind models.  It is clear that advances in our understanding of the 

solar corona will lead to improved solar wind models, but the opposite is also true, 

that improved solar wind models could lead to a revised dramatic understanding of 

the physics and structure of the Sun.   
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6.2   Some outstanding questions in the solar wind. 
The heating mechanism in the solar corona remains controversial.  It is not understood 

why the Corona is so much warmer (106K) than the lower layers of the chromosphere 

and photosphere.  The question of how the corona is heated to its temperature of 

millions of degrees remains a major unsolved problem in solar physics.  The heating 

by waves generated in the convection zone and propagating into the corona is one of 

the main avenues of investigation.  A review of solar plasma energisation is given by 

Harrison.28 Current coronal heating research is generally along one of the following 

lines of investigation: 

• Acoustic wave heating.  This is largely dismissed as a coronal heating 

mechanism however, as the group velocity is to small to carry significant 

amounts of energy and heat the corona.  Also, acoustic waves generated at the 

photosphere will steepen and form shocks at the transition region, going no 

further. 

• Heating by fast and slow magnetoacoustic body waves. 

• Heating by Alfven waves.   It is thought though, that it is not possible to 

dampen Alfven waves quickly enough to generate significant heating in the 

corona.  Alfven waves have been observed in the solar wind however, leading 

credence to their study. 

• Heating by slow and fast magnetoacoustic surface waves.  The coronal plasma 

is compressible and magnetic leading to a consideration that the heating is by 

magntoacoustic waves.   The slow mode waves act like sound waves moving 

along magnetic field lines.    The fast mode waves can travel perpendicularly 

to the background field with a group velocity higher than slow modes, 

carrying more energy.  Slow wave modes are expected in quiet and active 

coronal regions requiring periods of less than 300 to 100 seconds respectively 

to heat those regions.  Fast wave modes are expected to have periods of less 

than 1s but in the quiet corona will have periods of less than 5s. 

• Heating by current (or magnetic field) dissipation.  There have been studies of 

reconnecting current sheets in the solar atmosphere driven by various 

magnetic configurations and conditions, converting magnetic energy into heat. 

At this time though the studies have not shown sufficient energy can be 

generated to heat the coronal and accelerate the solar wind. 
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• Heating my microflares and transients.  These can be flares and coronal mass 

ejections that release up to 1025J of energy in around ten minutes.  There are 

also transition region jets, microflares and surges sprays.  Transient events 

display a great variety of structure and output.  It is thought that magnetic 

structures of the solar atmosphere could contain enough magnetic energy to 

account for a flare.   

• Heating by mass or particle flows and flux emergence. 

 

Flow velocities observed in the fast solar wind are still a debate.  In all current models 

the velocity of the particles is related to their temperature in the corona.  But the fast 

solar wind originates from coronal holes where at least the electron temperature is 

lower than in the equatorial region of the corona.  Therefore there could be additional 

acceleration mechanism that is responsible for the fast speed solar wind.  There are 

two suggestions for this 

• Heating by wave-particle interactions. 

• Velocity filtration process. 

 

The particle free paths are not anywhere sufficiently small in the solar wind to justify 

a fully closed fluid description.  Arbitrary assumptions have to be made concerning 

the energy transport.  In exospheric models the medium is assumed to be collision-

less above a certain altitude that is commonly called the exobase.  But the paths are 

not sufficiently large to justify a fully collisionless description. 

 

The solar wind extends to very large distances, perhaps as far a 100AU where it 

eventually meets the interstellar medium.  Only a small fraction of this distance has 

been explored by spacecraft.   Spacecraft are also limited on how far in they can get to 

the Sun. The result is that there is a lack of data at these two regions of space. 

Preventing effective model building to aid understanding.  

 

Because the solar wind is a highly variable medium there are large-scale dynamic 

processes and deviations from spherical symmetry.  In most models this deviation is 

not considered and therefore will only give approximate results.  It is important that in 

future models this is considered. 
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In Rosenbauer8 the author states that a description of the thermal behaviour of the 

solar wind by means of temperatures is very often not satisfactory.  There are 

deviations from Maxwellian distributions that are thought to be due to the lack of 

thermal equilibrium and to wave particle interactions.  These apparently play an 

important role in the energy transport in the solar wind that is not considered in many 

models. 

 

Some important issues still outstanding in the solar wind and corona include 

• The heating of the two types of corona being either closed with dense plasma 

in magnetic confinement, or open with dilute plasma escaping on magnetic 

field lines. 

• Is the solar wind mass flux determined by the properties of the plasma source 

region in the upper chromosphere or the temperature conditions in the corona? 

• Is the role of transport in the weakly collisional corona well understood or is 

there a requirement for invoking kinetic physics to explain solar wind 

acceleration? 

• A better understanding of the role of waves based on unambiguous data. 

• A better description of the fast steady wind with improved models other than 

the current stationary multi-fluid models. 

• Is the slow wind a boundary layer phenomenon, or does it originate in the 

transiently opening streamer belt around the sun? 

• Do coronal plumes contribute significantly to the fast solar wind or not? 

 

It is thought that an improved understanding of the rate of the Sun’s loss of angular 

momentum may also give clues as to the solar wind structure.   

 

It appears that the problem of solar wind acceleration and coronal heating must be 

treated together as both phenomena are intimately connected.  For solar wind models 

this may require replacing the boundary not at the bottom of the corona but even 

further down in the upper chromosphere or lower transition region. 
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Cramer41 considered some of the issues that are outstanding in our knowledge of the 

solar wind.  This was in consideration for the NASA’s Solar Probe mission.  The 

author characterises the problems into two main issues that the spacecraft will 

consider, namely particle velocity distributions, and field fluctuations and waves.  

Some of the issues to be considered that apply to all particles in the high-speed solar 

wind are  

• Does the solar wind stop accelerating at 4Rs or does it continue further? 

• Does the fast wind come from plumes as well as interplume plasma? 

• What is the speed over the high solar poles and are they bulk speeds or group 

speeds of fluctuations propagating in the solar wind? 

• Are Coronal velocity distributions suprathermal and is the Coronal heating a 

velocity filtration effect? 

• As the solar wind goes further from the Sun at around 2-5Rs it becomes more 

collisionless and yet observations indicate the distributions are closer to 

isotropic Maxwellian distributions. How is this fluid character maintained? 

• How does proton anisotropy evolve? 

• How does the proton magnetic moment depart from adiabaticity as measured 

by Helios between 0.3 – 1AU? 

• What are the core electron temperatures in the Corona? 

• Electron velocity distributions typically exhibit a cold, nearly isotropic core 

and a higher energy halo superimposed at nearly the same streaming velocity. 

How do the core and halo electrons compare? 

• In the high-speed wind, electron distributions are strongly enhanced along the 

forward field aligned direction, and this narrow beam is referred to as a strahl. 

Is this strahl a remnant of coronal electrons? 

• Is there a range of heliocentric distances where the ions accelerate ahead of the 

primary proton-electron plasma as has often been observed at more than 

0.3AU? 

• How do ion anisotropies develop and differ? 

• The most probable speeds for ions in the fast solar wind are approximately 

constant implying their temperature is proportional to their mass. This is not 

observed in the fastest streams however, and therefore how does the deviation 

from mass-proportional heating depend on distance and wind speed? 
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• Models usually maintain the extended solar corona in a steady state manner, 

but it is certain that time variability exists in most coronal and wind structures.  

Therefore are ion properties steady state or jet driven? 

• How does interplanetary turbulence develop? 

• Do ion cyclotron waves exist in the extended corona. 

 

The coronal heating function is not well known in the solar corona and the solar wind.  

In a paper by Marsch33 the author makes the comment that “ the single fluid 

descriptions are outdated and multi-fluid models are necessary.  It is also obvious 

that a thorough understanding of the microstate of the coronal plasma as diagnosed 

by means of EUV-line shapes and in-situ measured ion compositions will require a 

new approach, gong beyond the MHD paradigm and classical transport but involving 

instead kinetic physics and concepts familiar from space plasmas in the heliosphere.”   

 

He then goes on to say “It is time to abandon the simple heating functions so common 

in models, and to face the difficult problem of identifying the traits of the real heating 

processes in the data and of developing the associated microphysics.  This involves 

waves at frequencies much higher than considered in conventional MHD models.  

Kinetic physics will open new avenues for research on the coronal heating and solar 

wind acceleration problem.” 

 

 

 

 

 

 

 

 

 

 

 

 

 



Mathematical Models of the Solar Wind 
K.F.Long 

 69 

Conclusions 
In this report the mathematical models of the solar wind has been explored.  The two 

dominant fields of enquiry throughout the decades have been the fluid and kinetic 

descriptions.  Fluid models are more suitable in a collision-dominated region close to the 

Sun inside 1AU, and the kinetic models are most suitable in the collisionless region far 

from the Sun.   It is apparent that the two models compliment each other in the prediction 

of the behaviour, structure and properties of the solar wind.  It is important for future 

models that improvements are made in the actual heating mechanisms in the solar corona, 

and not just to make assumptions about the heating functions.  An understanding of this is 

likely to come from multi-fluid and kinetic models of the solar wind.  The application of 

the Fokker-Planck equation with a collision operator meets this requirement allowing for 

the input of boundary conditions to take into account the two extremes of a collsionless 

and a collision-dominated solar wind.  

 

Improvements in several areas of solar physics are likely to result in models of the solar 

wind that better simulate the observed conditions.  Some of the most important ones are: 

an understanding of the solar corona heating mechanisms; the identification and origin of 

the acceleration mechanism of the fast solar wind; upper structure of the chromosphere 

for a possible lower boundary in the models; acceleration limit of coronal plumes; 

distances of heliocentric ion acceleration; the physical development of particle 

anisotropies.  

 

 It is recommended that Spacecraft missions explore the following two regions of the 

solar wind:   (a) to less than 0.3AU (Helios) from the Sun, which may provide new 

insight into the structure of the solar corona, and (b) to the region where the solar wind 

meets the interstellar medium at around 100AU.  The data from such missions would 

place constraints on the solar wind model boundaries. 
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